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We aim at finding, from purely theoretical analysis, the behavior that the refractive index Ishreeildithin a cylindrical waveguide so

that the radiation entering the system in a definite way is guided through it. Based on the criterion we have set in a previous article applyin
the Fermat's extremal principle, in the framework of the geometrical optics, we depict the radiation confinement regions for refractive index
profiles often used in the construction of waveguides, one step, multi-step and parabolic, by drawihg Legendre transform space as

an intermediate resource in the process. We have also studied the possibility of perfornewveysieepath: for a wanted confinement region,

to find the parameters defining the refractive index profile of the waveguide to be built. We conclude that such a processas lpogsible

as we know the shape of the profile. Under such restridigranalysis allows us to deduce the characteristics that the guide showdd have

that the radiation entering with a given angle and at a certain distance from its axis remains confieetinidue can be used in design
processes as a resource to limit the parameters that characterize the system.

Keywords: Optics; geometric optics; waveguides; technical applications.
PACS: 42.00.00; 42.79.e.

1. Introduction principle in the framework of the geometrical optics to an-
alyze the confinement of the guided radiation in a given re-
The confinement and guidance of electromagnetic radiatiogion. Analytical solutions of the ray-tracing problem can
in dispersive media due to total internal reflection is of gredbe found in [8-10]. Also, Evans [11], by comparing the
interest in many fields of theoretical physics, including radiaNewtonian mechanics with the laws defining geometrical
tive transfer in the Earth’s atmosphere [1] and astrophysicalptics, has calculated the three-dimensional trajectory of a
media [2,3]. Particularly, an extensive literature concerningay propagating through a medium with a parabolic refrac-
the confinement and guidance of radiation in media with rative index.
dially varying refractive index, usually called GRIN media, = On the other hand, the reconstruction of the unknown re-
does exist. Research on these topics has alldhedie- fractive index profile of a waveguide according to the be-
sign and manufacture of all kinds of devices that involvehavior that the radiation traveling through it shows is also
nonhomogeneous media: integrated optics, lenses, highly researched topic: from the first works using
waveguides, optical fibers, and diffraction gratings [4,5].  interferometric techniques [12] through those based on
On the one hand, the confinement of radiation irthe measurement of the evanescent field on the surface of
nonhomogeneous media with a given refractimdex the waveguide combined with the use of sophisticated algo
prof”e has been a h|gh|y researched topic_ We Our[ithms ( [13] and references therein), to one of the newest
selves, in two previous articles, [6,7], Pl and PII hereaftefProposing a non-destructive iterative interferometric tomo-
have analyzed the captured radiation in systems where t§gaphic technique [14].
refractive indexy, varies smoothly with r, the radial co- At the present paper, we intend to analize the confinement
ordinate. Dea"ng with Spherica”y symmetric Systems |nOf radiation in Wavegwdes useful in both directions: I) given

Pl and with cylindrical symmetry systems in PII, we applythe refractive index profile in the guide, to infer how the ra-
the Fermat's extremal diation will be guided according to the distance
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and the angle respect to the axis of the guide with which théexn > 1. There, we considered a light ray propagating
radiation entered, and ii) knowing how the radiatiavels  within the cylinder in an arbitrary direction, but no paraitel
along with the guide, to obtain information on the radialthe cylinder axis, so that it eventually would strike the cylin-
variation of the refractive index within it and how the radia-der wall in which it would be reflected and refracted. The
tion entered the guide. reflected light would continue traveling inside the cylinder
Using the simple criterion we have established in PII thakfnt" it again strikes the cy!inder wall. If total internal reflec-.
allows us to infer whether radiation confinement occurs in 40N occurs, the process will be repeated over and over again.
given system, we intend to contribute to the design of? Fig- 1 of that paper, that we reproduce here as Fig. 1
waveguides for predefined objectives, emphasizing on the dfe" Simplicity, we showed the portion betweenahd B of

sign of multi-mode guides. Multi-mode waveguides are builfat endless journey within the cylinder, beingaRd B the

with either graded index or step-index. Graded index guidegomts in the cylinder wall where two successive reflections

minimize modal dispersion, although they have the disa occur. We defined a Cartesian coordinate system so that the

. . e . -axis is along the cylinder axis, the ray is on a plane which
vantage of being more expensive and difficult to build thari1$ arallel to the Y-Z plane, and the X-Y plane intersects the
step-index guides. In this work, we will addrdxssth op- b b ' P

tions ray at B, the point which is equidistant from Bnd B.

Considering a system whose refractive index presents

We organize this paper as follows: In Sec. 2, we set 0yhonotonic variation withy, the distance from the cylinder
the basis of our work methodology. In Sec. 3, we andlyze 45 and getting rid of the dependence om, the light fre-
confinement regions of radiation traveling through a wavegqyency, we have defined in Pl two parameters that fully char-
uide in which i)n takes a constant value a little greater thanacterize a given ray: o, the distance of closest approach to
1, sharply dropping at the edge (Sec. &.1jas a series of the z-axis (the X coordinate of,Pand ii) o, the angle
steps (Sec. 3.2 and 3.3)has a parabolic radial variation petween the ray and a line parallel to the Y-axis passing
(Sec. 3.3). In Sec. 4, we address the inverse process, namefiyough B (see Fig. 1).
to find the right refractive index profile of the waveguide to  In PII, applying the Fermat’s extremal principletire
radiation travels confined in a given regidn.Sec. 5, we framework of the geometrical optics, we have shown that,
present our conclusions. in systems with cylindrical symmetry where the refractive

index varies smoothly with the distance to the cylinder
axis, confinement of radiation does occur, provided it is
2. Framework verified

2 2 2 2 2 2.2 2
In PII, we considered a homogeneous transparent cylinder of” " (p) = [n (po) sin a] rt [pon (po) cos ] - @
radiusR and infinite length characterized by a refractive in- This expression allows finding a two-dimensional do-
main defined by the parametepg and o, that we have
called "the confinement region” whose shape is directly re-
7 b lated with the functiom(p).

For a givem(p), the confinement region is a region in
the (po,«) plane limited by two or more curves. This implies
that every pair of valuepd,«) within this region represents
a possible way in which the rays might enter the waveguide
o through one of its ends so that they reach the opposite end
after traveling along with it. In PIl, we have found the
curves limiting that region by looking for the solutions of
Eqg. [2) for eachn(p) taken as an example.

Now, we will take into account that the limiting curves
of the confinement regions could be found by analyzing the
Legendre transform of the function defined by the left hand
. of Eq. [1).

To comprise this, let us consider as an exam}e
\y given by the parabola(p) = ng (1 — (4p?/2)) for p <1,
beingng a constant a little higher than unity aAda param-
eter which is obtained taking into account thgp) = ng
along the cylinder axisp(= 0) andn(p) = 1 at the cylin-
der wall p = 1), and let us draw the left hand of Eq. (1)
as a function op?. On the one hand, for the adopteg),
FIGURE 1. Used coordinate system. Coordinate system definedp®n”(p) is @ curve which increases monotonically with

to describe the path of a ray of light in a system with cylindrical until reaching a maximum, softly decreasing afterward to a
symmetry (see text for definition of the parameters). relative minimum reached gt = 1, as represented in Fig. 2.
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- in Pl for the twon(p) functions we took as examples at that
o occasion, namely, one step and parabolic index. At that op-
wP{pgsinop?s né(pglcos?op? portunity, we intended to find the confinement region for a
. ~ givenn(p). In the present paper, we also focus on develop-
g e T, ing the reciprocal process: to find thé) with which the
o - ) . . .
5 T waveguide should be built for a sought-after confinement re-
5 e ) gion.
05 /5" . 3. Looking for confinement regions for a given
/ n(p) by using Legendre transform
0 6/ 02 04 06 08 1 12 14 The function whose Legendre transform we have to find is
PZ
FIGURE 2. Left and right hand of Eg./(1). The left and right hand y(x) = n?(p)x, 2)

of Eq. (1) are shown as functionsgffor givenp, anda values.

wherer = p2.
Although the maximum of the curve will not occur within We intend to pass from ther, y) to the(u, v) plane
the waveguide for, values lower than.5, a confinement through the Legendre transform, doing
region will exist, and the analysis we are going to do is quite
the same. On the other hand, the right hand of(Eq. €l) is dy
ways a straight line whose slope and intercept depend on the = ©)
po anda values. One of these straight lines, for particpgar _
anda values pp = 0.88 anda = 65.5°), is represented in v=yl)] - ualw), “)
F|g.. 2. Solut|on§ of Eg. (1) are given b.y the pagisd) for whereu andv represent the slopes and intercepts of the tan-
which the functions given by left and right hands of (&@j. ent lines ta(x)
cut each other twice. It is easy to see that every straight Iin% Bef t'. : t to highliaht two thi
with slope and intercept values between those corresponding elore confinuing, we wan 9 'gh’lg ) Wo things.
to the tangent lines to the curve represented in Fig. 2 Cugéfit}aﬁ%agglr?cst%noltorwgr?;h?/%S()a :)Sr gofovcgng;nuz Iv?g)?s
this curve twice. Then, from the equations of these tangen '

. - ; ove from the(z, y) to the (u, v) plane by the appropriate
I|ne.s, W? could get the limiting curvgs of the Conf'.nem_engnsiderations. The considerations we are going to do in the
regions in thepg anda plane. That family of tangent lines is

nothing but & Legendre transform of the function defined bf llowing sections to find the equations of the tangent straight
the left hand of EqLT1) ines toy(z) must be interpreted as a way of extending the

. concept of Legendre transform at the discontinuities. We
If n(p), rather than being represented by a smooth curve P g

exhibits a step on the edge of the guide, the curve displayé]au‘gt keep in mind that the discontinuities, in the context

- S ; . o ot a physical model of a continuous medium, represent only
in Fig. 2 will increase monotonically witt? until it reaches . . S .
. 5 L a very convenient mathematical simplifier alternative for the
a maximum ap® = 1 where it will abruptly go down. In . . .
. ; . . model. They do not imply, however, essential physical facts.
this last case, at the same conclusions, we will arrive .
o . Second, regardless of the functional forrm¢p), the
through a similar analysis. . . . .
Using the Legendre transform of the functio). in- slopes and intercepts of all straight lines that cut twice the
stead ofgthe ; ncgt'on itself to find the conf'ner%:( )"ons curve representing(z) are positive numbers, since all these
. u | :j It . ! ! =Yl lines are represented by the right hand of EEg. (1). This re-
gives us several advantages. stricts the solutions to the first quadrant of thev) plane.
a) it allows us to make a general analysis, applicable

any case regardless of the particular form @f), L
4. Applications of the method
b) it gives us a new space of analysis easier to interpret

and visualize, very convenient in the context of our taskn this section, we aim to apply the methodology exposed
and in the previous section to particular cases. For the sake of

looking for confinement regions by using Legendre trans-

©) Iﬁt ust cp?.cluttdhe tstralghtforwz'agd r;:anlgerr] about Eﬂq?rm, we will carry out the analysis for three different
characteristics that our waveguide should have so <r?‘z(,o), two of which were already analyzed in PIl, namely:

the r_ad|at|0n 1S confined in one or another region aCi') n(p) takes a constant value a little greater than 1 inside the
cording to our interests.

waveguide and sharply drops to 1 at the edge of ib(j)
The equivalence of the analysis methods will be verified@s @ series of steps inside the guide, characterized by a
in the next sections by recovering the results we have reachealue ofn(p), n;, each of them and iii)(p) is a parabola.
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1.25 ' ' : ; ' - 4.1. One step index waveguide

t2r 3 Firstly, let us consider the simplest case: a homogeneous
1.15 . transparent cylinder of radius R and infinite length, which

W L | is characterized by a refractive index= ny > 1 relative to

. ' the surrounding medium, as displayed in Fig. 3a).
1.05 1 Sincen(p) =no if p < Randn(p) =1if p > R, inside
il the guide Eq.2 can be written as

0.95 | . y(x) = ngz. (5)

0.9 g ' ; ‘ ' ; ' We intend to find, first, the curves in the, v) plane

that limits the zone of possible slope and intercept values
of straight lines that cut(x) twice.

14l ‘ ' (1.0gd) ' ] Even though in the case we are considegifag is not a
b) continuous function at = 1, it is easy to get the results we
2 i are looking for by making the appropriate considerations.
1t 1 Firstly, from Fig. 3Db) it is easy to see at once that any
o L | line cuttingy(z) fulfill v < n3. Secondly, to cuy(z)
P twice, the ordinate of any line must be highiean1 and
06 f 1 lower thamn? atx = 1.

By taking into account these considerations, it is straight

04t 1
forth to find that all the straight lines that cut the cudrean-
02 r Byt tanBy=ny” | ing in Fig. 3b) twice have a slope and intercept values in
0 ' : . : ) a region delimited by the two straight lines

X v=—u+nZ, (6)

. and
v=—u+1, @)

being Eq.[(5) the equation linking slopes and intercepts of ev-
ery straight line passing through the pdintn3) and Eq.[(7)

. the equation linking slopes and intercepts of every straight
line passing through the poifit, 1). The region in théu, v)
plane limited by Eqs[(6) and!(7) is shown in Fig. 3c).

] Taking into account that, in order Ea.] (1) is satisfied, it
must be fulfilled:

u = n*(po) sin” v, 8
and
1 v = pgn’(po) cos” a. )
" 1 we finally obtain the limits of the confinement region in the
e 1 plane(po, sin o) as
] 1— pond
in?a = —a7 ) (10)
| ST« n%(l _p%)
. . . ‘ sin®a =1, (11)
0 02 04 06 08 1 1.2 po=1. (12)

FIGURE 3. One step refractive index profile. For a system charac- 1 NiS region is shown in Fig. 3d), where it is clear that
terized by one step refractive, index we disptaygs a function of ~ Varyingno results in a variation of the size of the confine-
po in panel a)y as a function of in panel b)p as a function of; ment region: the greater,, the greater the confinement re-
in panel c), andin « as a function opo in panel d). gion. If the system, instead of being in the air, is a traditional
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waveguide consisting of a core with= ny and a cladding 1.6
characterized byL_: ny, yvith 1 < n; < ng, ng should be 15— a)
replaced by.y/n; in Eq. (10). 1al
In PII, the results for a system characterized by a one-step
refractive index were given in terms of x and z, being x the 13y
X coordinate of any point between &d B on the ray trav- s 12r —\
eling inside the cylinder (since the ray is on a plane which is 1.1} ﬁ 1
parallel to the Y-Z plane), and z the Z coordinate of P 1l L
To show that the expression in PII, reproduced bdtow o |
simplicity, 0'8 . . . . .
2 R 0 0.2 0.4 0.6 0.8 1
ZZ_MLD(wQ_M> (.TQ—RQ) P
is equivalent to Eq.!10) in this paper, let us make the fol- 2r b)
lowing considerations. Firstly, singe = /&2 + y? and 1}
X is a constant, the shortest distance from the ray t&@the
axis, po, is verified fory = 0, which implies that: = po. 08
Secondly, making geometrical considerations, it is fotinad > o6}
z = tan a1 — pg2. Taking into account, finally, that we
have adopted? = 1 andn = ng, the expression in Pl in 04T
terms ofz andz becomes Eq.1() of this paper in terms of o2t
a andpg. 0 . ‘ . . . .
0 0.2 0.4 0.6 0.8 1
4.2. Multi-step index waveguide X
An extension of the previous case is the case for whigh 12 K 0
presents, within the waveguide, a series of steps, rather than 1 L
a single one. This is the case of multilayer cylindricaveg- \ \\ 4
uide, of great interest for its possible technologaggtlica- 0.8 \ \ - Z
tions. Guided radiation achieved by total internal reflection > o6k \\ e-- 2y
through multilayer waveguides has been analyzed in articles B — I
as [15]. Some others, like [16], analyze the multilaydin- 04t o :\\\
drical waveguide structures by identifying the modal field 65 —— :\\\\\\\\:\
exci-tations supported by the corresponding waveguide, re- L = e
gardless of the guiding mechanism. 0 EE—————
The case we are considering is the simplest or{@) 0 05 "5 2
within the waveguide is represented by an N steps stair, !
with equal height and wide all of them, as it is illustrated ' ' ' ' d)
in Fig. 4a) forN = 5. The guide of our example, thus, 1 Ry er, . 1 177
consists of five regionsRk;, extended fromp;_; to p;, 08 | \ NG L\CR3 L & | \
within each of which(p) = n;, withi = 1, ...5. The cor- ' Voo e NG
respondingy(x), a sawtooth function, is displayed in Fig. S o6} \ vhoo [ ‘
® L I R IR A
Althoughy(x) exhibits discontinuities at evepy, in a ’ \ \ | L b ‘
similar way to the one used in the previous case for which 02 | \ | P L \ ‘
n(p) within the waveguide has a single step, we will be able \ ‘” o '\ l
to find the zones in the:, v) plane we are looking for. Then, %5 P R ;

to find the slopew) and intercept valueg) of the straight
lines cutting a certain tooth af(x) twice, it should be
taken into consideration that the ordinate of any such IIn%IGURE4. Multi-step refractive index profile. For a system char-

must be higher than?p? and lower tham? , p7 atz = pZ, acterized by multi-step refractive, index we displags a function

and higher tham?p?_, atz = p?_,, wherei refers to the  of y, in panel a)y as a function of: in panel b)w as a function

ith tooth. By taking into account these considerations, it if v in panel c), andin « as a function o, in panel d). In panel
straight forth to find the equations of the three strdigks  b), a straight line with slope, and intercept; is also shown (see
that delimit the space of solutions in the v) plane for each text).

tooth, namely:

Rev. Mex. . 22 (*?7%) (2227) 227-22?
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regionC R; exhibited in Fig. 4d), defined for,_1 < pg < p;
each of them, extend to thgg intervals and thex(po ) values

= —up? 2 52 . ' .
U= Uy i Py (13) corresponding to other regions of the guide, other tRan
v = —up? +nip3, (14)  Replacingi with i — 1 in Egs. (@3), (14) and {15), for ex-
) 5 o ample, we find the extension of the curves that delimit the ith
V= —upi_q +ngp_q- (15)  confinement region to the interval_o < po < p;_1, inside

From Egs. [13), (14) and 5), and taking into account Whichn =n;_,, as
Eqgs. B8) and ©), the corresponding confinement regions in

th ina) pl found as limited b 2 PN —pgni
e (po, sin ) plane are found as limited by sin2q = et~ PoTioL (20)
2.2 2.2 ni_y(pi — Pp)
-2 PiMit1 — Po™
sin“ o= = 55— v (16) 22 — pZn?
ni (pL - pO) Sin20¢ — Pi 21 5 Po 21—17 (21)
sin?a =1, @an i (P§ = Po)
2 n? _ p2n2
po=pic1. (18) sin o = P = PO (22)

n:(pi_1 — Pp)
po = pi. (19) _
Each of the five zones in tlfe, v) plane,Z; hereafter, To get curves defined for gl value lower thary;,

. : o similar expressions can be set for each region befgre
corresponding to each of the five teethyf), is displayed The first and third of these equations extended to the inter

in Fig. 4c). ThereforeZ; contains all the possible slope and } o L .
intercept values of the straight lines that cut the ith tooty® (0, #:) are those that limit the region in tha, sin o)

. . ) . - plane corresponding tdrea A of the ith tooth in théu, v)
twice. Consequently, the different confinement regions i : o
. A plane. After that, we will caldrea B to that region in
(po, sin «) plane, CR; hereafter, shown in Fig. 4d), con- . . .
; . . : . L the (po, sin ). In Fig. 6, enlargement of Fig. 4d}yea B
tain all possiblepg andsin « values with which the radiation g
. . , . ! for 4th tooth is shown.
could enter the guide to be confined 'exclusivelyRin T ke thi | let us tak ine
However, it is apparent from Fig. 4c) that the spaces of so- 0 nl1a1 36 Ngs Oclea;er, etus Aa € if a anxamspblacn A
lutions in the(u, v) plane corresponding to the different teeth (1 19, U 1) drawn indrea A in Fig. 5b).

of y(x) intersect each other. Taking into account expression"':'stralght line with slope, = 1.13 and intercept; = 0.1

(8) and [(9) that allow the calculation p§ andsin(a) for cuts the 4th tooth where it sharply drops and cuts the 3rd tooth
agivenﬁ(po) value, it is clear that a given pair of vaIuesWhere it ramps upward, aside from it cut the 2nd tooth

(u, v) belonging to any of these intersections corresponds ttgvice, as it is obse_rved in Fig_. ob). Taking into_account
as many different pairs of valugs(sin(a)) as zones inter- W_hat we hav_e set in the previous paragraphs, either from
sected, depending on the correspondifs) values. The ra- Fig. _5b)_or Fig. 5C.)’ we shoulq be already able to deduce
diation will be confined in one or another region of the guidéhat it brings to radiation traveling through the 3rd and 4th

; ; ; regions of the guideRs; and R,, respectively, provided
?heepzzgr;gitﬁnvjﬂi%/?:‘]ueergécii;_Tiaotr:sefqot:zy{h%ngtﬂﬁj(ejIStance o that it enters the guide at the suitable distance from its axis

But, even for values afu, v) belonging to these inter- (o) and forming with it the suitable angle)( Otherwise,

sections, radiation will always travel confined exclusively inthe radiation might travel confined &j.
one, and only one, a region of the guifte,

On the other hand, outside these five zaigshere are .
(u, v) values for which the radiation remains confined ina |

0.6

7

sector of the guide, spanning, however, more than one singl O\ A

R; region. Areas in théu, v) plane limited by the straight “ \;\*;\;\
lines given by Eqs! (1.3) and (14), but riot|(15), define a strip . N
that differs from the space of solutions for a given tooth in a el N
triangular area like the one labelddea A in Fig. 5b), en- - I \ ‘

largement of Fig. 4c). Although thérea A corresponding T T "R
to 4th tooth is the only one indicated in the figure, each tooth %[ "~~~ "\

has its owndrea A. Straight lines with slope and intercept

values contained imrea A of the ith tooth will cut this |

tooth where it sharply drops and some other where it ramps S

upward. This leads to radiation being confined between the % 06

two corresponding regions of the guide. u

Then, for reasons that will be clearer below, it is impor-Figure 5. AreaA corresponding to the 4th tootHreaA cor-
tant to know how the curves that delimit every confinementesponding to the 4th tooth (see text for definition) is highliginted
an enlargement of Fig. 4c).
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Po Po
FIGURE 6. AreaB corresponding to the 4th tooth. ThereaB FIGURE 7. AreaB for the five teethsin « as a function ofy is
corresponding to the 4th tooth (see text for definition) is included displayed as in Fig. 4d) but including the curves that delimit the
in an enlargement of Fig. 4d). AreaB for the five teeth.

At the same conclusions, we should arrive by ana- Finally, for the sake of clarity, a generalization of the re-
lyzing the solutions in thépg, sin(«)) plane. To find the sults we have achieved in this section is written in the follow-
(po, sin(a)) values corresponding ta:;, v1), and taking ing two paragraphs.
into account that: and v depend onn(po), being po On the one hand, going frofp, n) plane to(py, sin(«))
one of the unknowns we intend to find, we should iteraplane, througtfz, ) and(u, v) planes, the following analysis
tively solve the expressiors (8) and (9). The two possiblean be done: given a multi-step refractive index profile, any
solutions we have foundpe = 0.35, sin(a) = 0.76) and  straight line that cuts the ith tooth of the correspongifg
(po = 0.42, sin(a) = 0.82), are represented by black dots where it sharply drops, the jth where it ramps upward, and the
in Fig. 6, both of them located iirea B, as expected. The hth twice, have a slopey;, and intercepty, so that the
meaning of this is as follows: if the radiation enters the guidgoint (v}, v{) is located in the intersection dfrea A; and
at a distance of its axis of 0.35 and with an inclination suci, in the (u, v) plane. It results in two points in thpo,
thatsin(a) = 0.76, the radiation will travel through the guide sin(«)) plane, both of them located iArea B;, one of
confined inR,. If, instead, the radiation enters at a distancéhem in theCR,, and the other out of any confinement re-
of 0.42 and with an inclination such that(a) = 0.82, the  gionCR, and so thap;_; < po < p;. Clearly, this can be
radiation will travel through the guide confined betwé&gn generalized to any straight line cutting twice more that one
andRy,. tooth or none at all.

For another pointu}, v} ), different from the one we have ~ On the other hand, from Fig. 7 where the fiveca B;
taken as an example but belonging to the sdme A,, the  are exhibited along with the fiv€R;, we conclude that: i)
radiation might travel betweeR, and some other internal any pair(po, sin(a)) located at somée'R; will result in radia-
region, R;, different fromR3. That other region will be the tion traveling confined imR;, ii) any pair(p, sin(«)) located
closest to the guide axis, whose defined strip by Eds. (13) aifebide somedrea B; so thatp 1 < pp < py, but outside of
(14) in the(u, v) plane is located above the pdirt, v}). Al-  any C'R;, will result in radiation traveling confined between
though it is immediately deduced from Fig. 4b) or Big), it ~ R; andR;, and iii) any paif(po, sin(«)) located outside of
is always possible to analytically find the regi®n looking ~ anyCR; and outside of anyirea B;, will result in radiation

for the lowestj value that meets the expression no confined at all.
N2 / N — (ny —1)i 2 .. .
j;}; < ni 5\7/11 )j] 7 (23) 4.3. Parabolic index waveguide

In PIl, we have also considered as an example of a system
wherel < j <14 — 1, N is the number of steps th&fp) have with a parabolic variation of refractive index. Waveguides
within the guide, ana, is the value of: in the axis of the With n varying this way, first developed by Uchidaal (
guide. The previous expression is valid, provided the{)17]) and named SELFOC is of great interest since it has

. . een shown that a parabolic radial variation of the refractive
steps have all the same height and width. In any case, to a.r}y . . .
. P, ) iIndex considerably decreases distortions and losses. For
point (uf, v}) in (u, v) plane belonging tolrea A4 corre-

! ; . that reason, it is widely used in optical communication and
sponds one or more points in tlgy, sin(a)) plane, lo- data processing
cated all of t.he.m "}Me? By. _ _ In this casep(p) can be written as
Clearly, it is possible to do this for any other point

2
(uf, v}) belonging to thedrea A of some other tooth, dif- n(p) = no <1 _ Ap) ’ (24)
ferent from the 4th. 2
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havingny and A the meaning we have set in Sec. 2. For dif-

Finally, taking into account Eq8] the correspondingy

ferentA values, we have found in Pl the confinement regiomslue is calculated as:

in the pg anda plane so that Eq. (1) is satisfied.

At the present paper, farp) given by Eq.[(24), we start

writing Eq. (2) as

ENEE

to move from(z, y) plane to(u, v) plane through the Le-
gendre transform.
Then, through Egs. (3) we obtain

(25)

3 1
and
2 1
=_—(24+ —4/n2 . 27
* SA( no n0—|—3u> 7)

Replacing Egs.|427) and 26) in Eq. @) and taking into
account the Eq/25), we obtain:

4 [ /ng+3u 1 4
v=a (E;)m)(nng?)u)g( %+3u)+9n8> . (28)

According to its definition, A can be calculated as

A2<1”1),
no

(29)

Vu
n(po)

(32)

sin(a) =

On the other hand, from Ed. (10), we obtain anathere
in the (po, sin «) plane that limits the confinement region ex-

pressed as
1
(e ™
sin(a) = > .

1 —po?

(33)

Again, if the system, instead of being in the air, is a tra-
ditional waveguide consisting of a core with= ny and a
cladding characterized by = n, so thatl < n; < ng, EQs.
(30) and 83) should be replaced by

v = —u+n?, (34)
and
om0
ng(l—ﬁ) 2 pO
sin(a) = 2 5 , (35)
1—po
respectively.

In Fig. 8, we display four panels. We represent

wheren; is the refractive index of the surrounding medium”(p). given by Eq. [(24), in panel &)(z), given by Eq.

of the system. If the system is in the air, we satn; =
1, and Eq.[(2B) becomes a functionuwoénd theno param-

(25), in panel b), the two curvesu) limiting the zone of
solutions, given by Eq.! (28) and Eq. (30), in plane c),

eter, which characterizes the syster, thus, represents a and the two curvesn a(po) limiting the confinement re-
measure of the relative variation of the refractive indexgion, given by Eql(32) and EQ.(33), in panel d). In every

on the axis and the edge of the system.

panel we show the respective functions for two possiple

Equation [(ZB) allows us to find one of the limiting values,n, = 1.15 andny = 1.8. If a system in the air is
curves of the zone in theu, v) plane containing all slope considered, the correspondidgvalues, calculated by Eq.

and intercept values of straight lines cuttiig) twice. The

(29), turn out to b@.26 and0.89, respectively. It is appar-

other can be found taking into account that the ordinate aint that the set of straight lines, with slqpg and inter-
any straight line cutting/(z) twice must be higher than 1 cept(v), that could cut twice the curves displayed in Fig.

(n? if the system is not in the air) at= 1. Then, the other

8h), is larger for highen, values. This means that both, the

limiting curve is obtained from the expression that slope andone of solutions in the, v) plane and the confinement

intercept of the straight lines passing through the gaint)
verify, namely:
v=—u+ 1. (30)

The corresponding confinement region in (g sin «)

plane is obtained by considering that Eds. (8) ahd (9) mu

be fulfilled to Eq. 1 is satisfied.

On the one hand, from Eqgs.! (8) and (9), and taking into

account the expression we have adopted: fpj, we obtain:

4 2 (2 v
. 4 Po T AT”(%PO (ng —u) — A2 =0. (31)

regions in thepg, sina) plane, become wider as the value
of ng increases, as it is clear in Fig. 8c) and Fig. 8d).
Then, for a waveguide characterized by a parabolic refrac-
tive index, with a very small value afon its axis ), the
radiation may remain confined only if it enters the system
é?rming small angles to its axis.

5. Looking for n(p) for a given confinement re-
gions.

In this section, we deal with the reverse problem we have just
addressed, namely: given a desired confinement region, to

The last expression must be solved iteratively for everyind the rightn(p). Many aspects of the problem we intend
u value assumed and everyvalue calculated using ex- to analyze have been approached experimentally. What we

pression (28), to obtain thgy value.

intend in this article is to carry out a theoretical study on the
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1.8 — —

1.6 ~N

1.4

1.2

topic, reaching analytical or numerical solutions within the
framework of the geometric optics we are working with.

For clarity, we will talk in this section in terms of tfour
planes we have been working with. We call pla)eb),
¢), and d) (which correspond to panels a), b), ¢), and d), re-
spectively, in Figs. 3, 4, and 8 to the plafesn), (z, vy),
(u, v), and(po, sin ), respectively.

In the previous sections, for everyp) taken as an ex-
ample, we have been able to move from the plane a) to
plane d), through planes b) and c), without any complica

6 02 04 06 08 1 12 14 tion. For the sake of analyzing the possibility of perform
Po ing the reverse way, we might think that we could move
from plane d) to plane c) because of Eqgs. (8) and (9),
14 ' which link v and v with pg and sin«, are known. Once
b) d v(u) is found since we have moved from plane b) to plane c)
12t /
o by means the Legendre transform, we could go the reverse
T /s g way by means the Legen-dre inverse transform togiad.
.. 08} // Then, giverv(u), y(z) would be achieved by doing
0.6
ol ’ R (36)
: /
02} g / and
(e . . : s
0 02 04 06 08 1 12 14 y = vu(x)] — zu(x). (37)
i Finally, sincey(z) = n?(p)z, it could be easy to move
] o from plane b) to plane a) to obtaiip).
M\ Unfortunately, it is not possible to move frdpy, sin «)
08 _\\\\ to (u, v) if we do not know at all about(p). However, we
N may arrive at very useful information for our purposes if we
0.6 - \\ N know something about the radial behavior of the refractive
> \ N\ N index within the waveguide.
0.4 | \ N It is needful to remember that, for one step-index waveg-
~ uide, for exampley andv are always related by Ed.] (6) or
0.2 r > 5 Eq. (/) on the curves that limit the zone containing the slope
. i T~ M and intercept values of straight lines thatgt) twice. In
0 0 05 1 15 2 25 1 the same waype andsin « are always related by Eqg5. (10),
" (17) or [12) on the borders of the confinement region in the
19 (po, sin «) plane. For a multi-step index waveguide, Egs.
d) (13), (14) or[(15) relate andv on the borders of the spaces
1 — of solutions in theéw, v) plane, and Eqgs. (16), (17). (18) or
08 I — = (19) relatepg andsin « on the borders of the confinement re-
s N gions. Likewise, Eqs! (28) or (30) and Eds.| (32) (along with
s 06p . \\ (31)) or [33) are always verified if the refractive index has a
—~ parabolic profile.
04t ™~ \ . .
AN \ What we have expressed in the previous paragraph al-
02t \ lows, with some restrictions, to design a waveguide in
0 , o , (po, sin «) plane. If the refractive index has a parabolic
0 02 04 06 08 1 12 profile, for example, we can chogsgandsin « according to
Po the practical needs and then infer theand A parameters

FIGURE 8. Parabolic refractive index profile. For a system charac-
terized by a parabolic refractive, index we displays a function

of po in panel @)y as a function of in panel b)y as a function of

u in panel ¢), andin « as a function opg in panel d). Solid lines
correspond tao = 1.15 and dashed lines corresponchtp= 1.8,

beingn, = 1 in both cases.

suitable for the case. In other words, the task is to find the
range of values that the refractive index could take on the

through the device.
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axis of the waveguide and, on the claddingandn; re-
spectively, so that the radiation entering the system at a dis-

tancepg from its axis and forming an ang¥®° — « with
it (recall thata is defined as the angle that the light ray

forms with a plane perpendicular to the axis), is guided
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(ppsin o)< | T
0.8 i .

06

o
sin o

\
04 \\

? |

(pg.sin a\)? \

.

FIGURE9. ng as a function opy for differenta values. For every _ ) _ )
a value, two curves are displayed, which enclose the feasibld/GURE 10. ~Size of the ith confinement region. ~ Curves
noandpo combinations so that the radiation is confined. limiting the ith confinement region in thépo,sina) plane

where the parameters defining its size, namépg,sina); =
By means Eqs| (28). (30). (31). [32), and (33), which re{ri-1: \/[(Pi_/pi*1)2(”i+1/”i)2 _'1]d'+ [(pa/pi*1)2 —1]) and
main valid as long as have a parabolic radial variation, we (P0>5in@)2 = (pinit1/ni,0), are indicated.
have built Fig. 9, where, is represented as a function of
Lo for diﬁerenta values. Two curves have been drawn for Then, in the ﬁgure, a design method Consisting in choos-
each of the fivex values, fronAQ° to 80°, we have th)seﬂ- ing po andsin « values and inferring the range of possible
The pair of curves corresponding to a givemalue limits @  yalues fom, y A is proposed. This design criterion takes us
region |n'the fo, no) plane, which contams'al.l possible directly from plane d) to plane a).
combinations ofi, and pg that make the radiation enter- . . .
ing the guide with this angle to be confined. In Fig. 9, itis /IS0, for one-step and multi-step refractive index
. . profiles, clearly, an adequate construction of the guide will
apparent that the two curves corresponding to a given _ S S
value tend to the same valuerof at pp = 1, which can be @llow wider margins inpg and o, facilitating the task of
obtained the by solving the following expression: making radiation travel th_rough the regions we_ want. From
what has been analyzed in Sec. 4.1 and 4.2 in the process

5 [27 9 -y 3 of finding the confinement regions for theses cases, it is
"o TGA (4-2)"~ 1} + 9ng sin”(a) <1 - 4A> immediate to deduce how the parameters characterizing the
system should be varied so that the radiation is confined in

= (n§ + SSin2(a))3/2. (38) one or another region according to the way it enters the

waveguide. We only intend to note that, although Inl(4.2)
The last expression has been obtained from H@§), we have considered(p) represented by five steps, of
(31), and[(32) taking into account thatpy) = 1 at pg = equal height and wide all of them, from Fig. 4d) The
1. Forng given by Eg.[(38), and assuming = 1, the A confinement regions are not equal to each other in size.
value atpp = 1 can be easily calculated from Eq.|(29) for ev-
ery value ofo.

Although Fig. 9 has been built fa; = 1, it could be
done for anyn; value by solving the corresponding equa-
tions iteratively.

From Fig. 9, it follows that, for a given angle with which
the radiation enters the guide, the farther fromattie it does,
the more precise the, value (for a givem;) with which the

In Fig. 10, where the confinement region for the ith step
is represented, two point§e, sin «); and(po, sin o)z, are
indicated. From the expressions defining the curves that limit
this region, it is easy to find the coordinates of these points,
which belong to these curves. Indeed, evaluating Eq.atL6)
Po = pi—1, We obtain

guide should be constructed so that the radiakiept (pi/pi_1)2 (n~+1/n-)2—1}
confined. This point is illustrated with two examples in- (pg sina);= | pi_1, v ' ’ 7
cluded in the figure. Radiation entering the guide making {(pi/pi,lf —1}

an angle with the axis df0°, that is to sayp = 80°, at
a distancepy = 0.4 of it, will remain confined whenever

the guide is built with a value ofy within the range indi- and doingsin « = 0 in Eq. (16), we obtairipo, sin «)-
cated in the fig-ure adng. If, on the other hand, the ra- = (p;n;+1/ni, 0). From these expressions, it is apparent
diation enters at a distanggy = 0.2 from the axis, al- that size and location in the plarigy, sin «) of any
though with the same angle, the range of values,ofith confinement region can be changed by varying;/n;
which the guide could be constructexhn, in the figure, is  and/orp;/p;_ ratios.

greater.
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6. Summary and Conclusions lows us to conclude straightforward manner about the
characteristics that our waveguide should have saal#-
Based on the criterion we have set in Pll applying the Fekjon is confined in one or another region, according to our
mat's extremal principle in the framework of the geometricajpterests. On the other hand, we conclude that the reverse
optics, in this article, we have depicted the radiatiomyath we have referred to is possible as long as we kinew
confine-ment regions in the plaga, sin o) for the three  power ofp that defines the radial variation of the refractive
refractive index profiles more often used in the constructiog}, yay Then, provided that we know the shape of the profile,
of waveg-uides: one step, multi-step and parabolic, regyr analysis allows us to deduce the characteristics that the
spectively. To reach our aim, this time, we have analyzegyide to be built should have so that the radiagintering

the feasibility of using the Legendre transform space agjith a given angle and at a certain distance from thecdxis
an intermediate resource in the process. We have algfe guide, remains confined.

studied the possibility of performing the reverse path, that

is, for a wanted confine-ment region, to find the parameters [f different types of the electromagnetic wave can propa-
characterizing the waveg-uide to be built. We have analyzeglate within the system, the angle and distance from the axis
with particular detail the guidance of radiation in multi- with which the radiation enters the guide, parameters
step refractive index profile systems. Waveguides charadefined according to the technological needs, require to be
terized by this refractive index profile have numerous techwell differentiated. Choosing those parameters properly, the
nological applications. We conclude, on the one handnethodology allows us to define propagation modes through
that working in the Legendre transform space to find thé¢he different regions of the guide, and, in design pro-
confinement regions allows us to reach our goal in any casesses, by building suitably the waveguide, the technique
regardless of the particular formfp), makes the problem can be used as a resource to limit the parameters that char-

easier

to interpret and visualize, and

al-acterize the system.
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