
Granular Matter manuscript No.
(will be inserted by the editor)

C. Manuel Carlevaro · Marcelo N. Kuperman · Sebastián Bouzat · Luis
A. Pugnaloni · Marcos A. Madrid
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vibrated grains through narrow apertures

Abstract The flow of grains through narrow apertures
posses an extraordinary challenge: clogging. Strategies to
alleviate the effect of clogging, such as the use of exter-
nal vibration, are always part of the design of machinery
for the handling of bulk materials. It has recently been
shown that one way to reduce clogging is to use a small
fraction of small particles as an additive. Besides, sev-
eral works reported that self-repelling magnetic grains
can flow through narrow apertures with little clogging,
which suggest these are excellent candidates as “lubri-
cating” additives for other granular materials. In this
work, we study the effect of adding self-repelling mag-
netic particles to a sample of grains in two-dimensions.
We find that, in contrast with intuition, the added mag-
netic grains not necessarily aid the flow of the original
species.

1 Introduction

The interest in the dynamics of granular materials flow-
ing out of a container is not new. The pioneering work
of Pierre Huber-Burnand [1] in the late 19th century
already studied the flow of sand grains within vertical

C. Manuel Carlevaro: Instituto de F́ısica de Ĺıquidos y Sis-
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(8400) Bariloche, Ŕıo Negro, Argentina.
Luis A. Pugnaloni: Departamento de F́ısica, Facultad de
Ciencias Exactas y Naturales, Universidad Nacional de La
Pampa, CONICET, Uruguay 151, 6300 Santa Rosa (La
Pampa), Argentina.
Marcos A. Madrid: Instituto de F́ısica de Ĺıquidos y Sis-
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cylinders. Since then, these systems have been drawing
the attention of a steadily growing group of researchers,
giving rise to an extensive literature and a collection
of very exciting results. However, a complete physical
description and understanding of the phenomenology of
granular materials is still far from being achieved [2; 3].
While initial advances in the knowledge of these systems
were linked to the need to explain phenomena observed
in silos these studies permeated many aspects of indus-
trial activities. Still, the discharge of grains from a silo
[5; 6; 4] remains one of the most widely studied problems
in the area. In particular, the phenomenon responsible
for the formation of clogs that interrupt flow is still mat-
ter of debate (see [7] and references therein).

Currently, the dynamics of the flow of particles that
are discharged from silos through large holes at the bot-
tom are known in detail. The grains flow freely and with-
out interruptions and the flow rate follows the empirical
Beverloo equation (or some of its variants) [8; 5; 9; 6].
Recently, a differential equation for the flow rate —which
is consistent with the Beverloo equation— has been de-
rived from energy balance providing a first principles ex-
planation for the phenomenon [10]. However, when the
hole size is small, the discharge rate decreases and its
dynamics becomes much more complex [9; 11]. Below a
certain outlet diameter, the particles form structurally
stable arches that block the outlet [12; 13] and that can
only be destabilized by external forcing. The strategies
and mechanisms that ensure the success in the destabi-
lization of these clogging structures has become just as
interesting as the flow of the particles whose movement
they prevent [14; 15; 16; 17; 18].

The vast majority of the solutions to deal with unde-
sirable clogs consist in active mechanical procedures such
as vibrating the setup [19; 20; 21; 22; 23; 24; 25; 26], mak-
ing the exit oscillate [27] or blowing through the opening
[13]. Passive mechanisms such as placing an obstacle in
front of the exit can be used to drastically reduce the
clogging probability without applying vibrations [28; 29].
However, once a clog occurs, external perturbations are
still required to resume the flow.
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Some experiments with non-circular or non-spherical
particles show that analogies can be traced with spher-
ical particles when defining an effective particle radius
[30; 31; 32; 33]. This is also true for particles that are
soft [34; 35; 36; 37]. However, clogging is much less likely
for soft particles. Unfortunately, most of the considered
soft particles are also frictionless, which makes unclear
whether the reduced clogging is due to softness or lack of
friction. Other particles which clog very little are repul-
sive magnetic grains in two-dimensions (2D) [39; 38; 40].

The existence of particles that are less prone to clog-
ging suggests that these could be used as additives in a
system of particles that clog often to ease the flow. In
a recent work, the addition of particles that are smaller
than the ones of the granular material of interest has
shown to be effective in increasing the flow for vibrated
silos [41]. This is mainly due to the fact that arches that
contain a small particle are less stable. Also, it has been
suggested that the inclusion of a small fraction of self
repulsive magnetic particles can also affect the forma-
tion of stable blocking structures [42]. Similar ideas have
been explored in [37], where the authors study the ef-
fect of doping a monodisperse hydrogel sphere ensemble
with hard frictional particles of the same size and weight.
The authors show that the addition of even a small por-
tion of rigid particles to hydrogel sphere ensembles has
a remarkable effect on silo discharge behavior.

While the lubricating effect due to the addition of
small grains to a sample has been elucidated [41], we now
aim at pursuing the idea that the presence of a magnetic
repulsion between the grains of the added species can en-
hance the effect. This conjecture is based on the fact that
the repelling magnetic field inhibits the contact between
magnetic particles and can lead to localized patches of
contact-less particles, and so alter the structural stability
of the arches responsible for the jamming.

In this work, we study the flow of binary mixtures of
grains through a narrow aperture, in which one of the
species has a smaller particle size and also a magnetic
dipole that leads to a repulsive interaction. The grains
are enclosed in a vibrated two-dimensional hopper. We
use Discrete Element Method (DEM) simulations for our
study. We find that, in contrast with intuition, the pres-
ence of the repelling species does not reduce the sta-
bility of clogging arches in most cases. On the contrary,
they tend to cancel the lubrication effect achieved by the
smaller size of the added grains.

2 Model and simulations

The numerical simulations use Box2D for the implemen-
tation of the DEM [43; 44]. Box2D is a collection of al-
gorithms that has proven to be suited for simulating the
dynamics of granular flow of hard grains in 2D under dif-
ferent scenarios [45; 33; 46; 47; 48; 49; 50]. Before each
DEM time step, Box2D utilizes a series of iterations to

Fig. 1 Sketch of the silo and hopper. The red circles corre-
spond to the original species and the blue circles to the added
particles.

resolve constraints on overlaps and on static friction be-
tween bodies using a Lagrange multiplier scheme [50; 44].
This allows to calculate the force at each detected con-
tact considering the Coulomb criterion for the given fric-
tion coefficient (static and dynamic friction are set equal)
and the restitution coefficient. This simulation scheme
is different from traditional event-driven simulations of
hard particles in which contacts are only instantaneous
and collisions are resolved pair-wise. In Box2D contacts
may last many time steps as in soft-particle DEM simu-
lations; however there are not overlaps between object.

Our model considers two types of particles, both of
them disks, but with different properties. What we call
“original grains” are disks of radius ro = d/2 = 6.5 cm
and material density 1.0 kg/m2. The “added species”
consists of disks of radius ra, with the same density as the
main species and carrying a dipolar magnetic moment µ
perpendicular to the plane on which the 2D particles
live. Throughout all the simulations we will set ra in the
range ro/5 < ra < ro. All the disks will be placed in a
2D vertical silo, subject to vibrations as will be discussed
later. The total number of original and added grains in
the silo are referred to as No and Na, respectively, and
No+Na = 250 is kept fixed. The static and dynamic fric-
tion coefficients between particles (whatever the species)
and between particles and walls are set to ν = 0.5. The
restitution coefficient is set to 0.1. The magnetic mo-
ment µ of the added particles leads to a repulsive force

only between added grains given by: F = 3µ0 µ
2

4π|r|5 r, where

µ0 = 4π×10−7 H·m−1, and r is the vector that connects
the center of two given magnetic particles.

The vertical silo-and-hopper’s total height is Hs +
Ht = 636 cm ≈ 97.8ro, width of 100 cm ' 15.3ro and
aperture of radius R = 2.3ro. A scheme of this setup is
shown in Fig. 1. The hopper height Ht = 136 cm leads to
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an angle (π/6) between the hopper walls and the vertical
direction. The acceleration of gravity is g = 9.8 m/s2.

Particles are initially randomly deposited in the 2D
silo before opening its aperture at the bottom. In order
to maintain the number of particles constant throughout
the whole simulation and to avoid spurious effects due to
non-stationary states, each particle that crosses the aper-
ture is re-injected above the granular column. To simu-
late a background vibration that destabilizes the clogs,
every 0.1 s, an individual kick in a random direction (uni-
formly distributed in [0, 2π]) with an impulse uniformly
distributed in the interval [0, 5 × 10−5 Ns] is applied to
each particle. At the same time, a global random kick
with the same properties as the individual random kicks
is applied to all the particles.

It is important to note that to avoid excessively long
clogs, the maximum duration of any clog is limited to 5
s. If no particle flows through the aperture during 5 s,
the particles that form the clogging arch are identified,
removed from the system and re-injected at the top of
the granular column. This resumes the flow.

3 Results

We consider the effect of two parameters of the problem:
the magnetic moment of the dipoles µ and the size ratio
of the added species r = ra/ro. In all simulations we
keep the mixing ratio χ = 0.4. For each choice of µ and
r we have carried out 50 independent realizations of the
simulation with different initial random positions of the
grains. Each simulation corresponds to 150 s of discharge.

Introducing particles of small size to a sample of large
particles reduces the effective mean particle size. This,
in turn, increases the flow rate Q through an orifice of
given size and would reduce clogging overall. However,
the main point here is to assess the effect on the flow
of the original species. Therefore, we focus our attention
on the flow rate Q̃ of the original particles only. It is
important to bear in mind that the added grains flow
along with the original particles and thus take a portion
of the time necessary to discharge the mixed system. It
is not trivial that the flow rate Q̃ of the original particles
be enhanced even if the flow rate of the mixed system is
higher than that of the original pure system (which we
call Qp).

At this point it is worth mentioning that the flux
of systems subject to clogging may lead to undefined
flow rates if clogs arbitrarily long are likely [52]. This
is of course avoided by using a mechanism to limit the
longest clog. Here, the flow rates Q and Q̃ are strongly
determined by the choice of waiting time to break long
lasting clogs. As mentioned before, we have chosen this
cutoff to be 5 s. Nevertheleyss, if the cutoff is maintained
constant, the calculated effective flow rate still serves as
a simple parameter to compare the flow between differ-
ent systems. A measure that characterizes the clogging
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Fig. 2 (a) Flow rate Q̃/Qp of the original particles as a

function r for different values of µ at χ = 0.4. (b) Q̃/Qp as a
function of µ for χ = 0.4 and three different values of r. The
symbols correspond to the mean values over 50 realizations
while bars correspond to the 95% confidence interval.

dynamics and that is not sensitive to this waiting time is
the survival function that we present at the end of this
section.

In [41] we have shown that, for nonmagnetic added

grains, Q̃ may be higher or lower than Qp depending
on the relative size of the particles [see blue data in

Fig. 2(a)]. For r > 0.7 we find that Q̃ < Qp, whereas

for r < 0.7 we find that Q̃ > Qp. Moreover, there ex-

ists a maximum in Q̃ at r ≈ 0.4. We have explained
these results based on the competition of three effects
[41]. Firstly, the added particles reduce the flow rate Q̃
of the originals since some time has to be used to dis-
charge the additional gains (this extra time decreases as
r decreases). Secondly, the transient clogging arches that
contain a small particle are less stable and break sooner
increasing the flow rate Q overall (this is more and more
effective as r decreases). Finally, the probability that an
added particle becomes part of a clogging arch decreases
with its size. As a result, adding particles with r > 0.7
reduces Q̃ (i.e., Q̃ < Qp) since the extra time required
to evacuate the added particles dominate. For r < 0.7
the more unstable arches and the lower time required
to evacuate smaller grains lead to Q̃ > Qp. However,
for r < 0.4 the low probability that a small particle be
involved in an arch makes Q̃ to decline and tend to Qp.

Figure 2(a) includes results for repulsive added par-
ticles. As we can see, the inclusion of a magnetic dipole
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leads to a second order effect on top of the general trends
dominated by the relative particle size. For r > 0.6,
Q̃ grows with the magnetic repulsion. In contrast, for
r < 0.6, Q̃ decreases with µ. To highlight these con-
trasting behaviors we plot in Fig. 2(b) Q̃ as a function
of µ for some selected size ratios. For added particles of
the same size as the original particles (r = 1.0) the flow
rate of the originals is never greater than Qp. The mag-

netic repulsion does help in improving Q̃ with respect to
nonmagnetic added grains but this is not able to over-
come the reduction in the flow of the original species
caused by the fact that the added particles take a signif-
icant portion of time to be evacuated. When we focus on
small added particles (r = 0.4), the gain in Q̃ is reduced
by the presence of the magnetic repulsion, which sound,
in principle, counterintuitive. Finally, we observe a nar-
row range of particle sizes (0.6 < r < 0.7) in which the
flow rate of the originals is improved by the nonmagnetic
added grains and the addition of magnetic repulsion pro-
vides an additional subtle increase in Q̃.

The surprising behavior described above can be un-
derstood in terms of an interplay between local concen-
tration (at the outlet) of added particles and arch stabil-
ity. As we mentioned above, small added particles tend
to reduce the stability of the arches in which they inter-
vene. Magnetic repulsion between the added grains keeps
them apart (see movie in Supplementary material [53])
reducing the frequency at which small particles are in-
volved in arches to ease the flow. This is why for relative
small added grains (r < 0.6) we observe a decrease of

Q̃ with µ. For r > 0.6, however, the reduction in arch
stability is less marked and the time used to evacuate
added grains plays against the flow rate of the original
particles. The inclusion of a magnetic repulsion between
the added particles in this case serves to reduce the lo-
cal density of these and create a lower effective χ, which
improves the flow rate Q̃. We note that at the crossover
(r ≈ 0.6) the effect of µ is negligible. However, the pre-
cise location of this crossover may depend on χ and on
other parameters including the background noise.

We have confirmed the reduction of the effective mix
ratio with increasing µ by measuring the mix ratio χeff

of the outflowing grains. In Fig. 3(a) we plot χeff as a
function of µ. As we can see, χeff(µ) decreases with µ in-
dicating that fewer magnetic added particles are present
at the orifice as µ grows. In fact, many of the magnetic
grains can be observed floating on top of the packed
column of grains (see Supplemental material [53]). In

Fig. 3(b) we plot Q̃ as a function of χeff for magnetic

added particles. For comparison, we also plot Q̃ for non-
magnetic added particles where we have changed the ac-
tual value of χ. The two curves agree rather well. This
demonstrates that, to leading order, the magnetic repul-
sion has an effect equivalent to reducing the local con-
centration of added particles. This effective reduction of
χ diminishes the effect of the corresponding nonmagnetic
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Fig. 3 (a) Effective mix ratio χeff at the outlet as a function

of µ. (b) Q̃ as a function of χeff for magnetic added particles,

compared with Q̃ for nonmagnetic added particle as a func-
tion of χ.

case, whether it was an enhancement or a deterioration
of the effective flow rate with respect to the pure system.

We obtain additional information about the clogging
dynamics by exploring the survival function P̃ (∆t ≥ τ),
which gives the probability that we find a time gap ∆t >
τ between the egresses of two consecutive original parti-
cles [51]. It is important to note that a number of added
grains may exit the container between the passage of two
original particles. In Fig. 4 we compare the survival func-
tion for the pure system with those for mixed systems
considering different µ for the magnetic added particles
(we fixed r = 0.4 and χ = 0.4). We note that P̃ (∆t ≥ τ)
vanishes for ∆t > 5 s due to the mechanism we intro-
duced for breaking long lasting clogs. As we have de-
scribed in [41], introducing small nonmagnetic particles
reduces significantly the occurrence of long lasting clogs.
From there, as µ is increased, the probability of long
lasting clogs increases in agreement with the reduction
of the flow rate (see Fig. 2). However, for the values of
µ explored, the pure system always presents more long
lasting clogs.

As we mentioned, whenever a blocking arch lasts more
than 5 s we remove all the particles that form that arch to
resume the flow. We have analyzed the number and com-
position of these long lasting arches. Figure 5(a) shows
the total number of long lasting arches (τ > 5 s) that
needed to be removed per minute during any given simu-
lation as a function of µ. We can observe that the smaller
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Fig. 4 Survival function for different values of χ (a), r and
µ (c). The black solid line corresponds to the pure system
with no added particles.

the added particles the lower the occurrence of these long
lasting arches (in agreement with [41]). However, an in-
crease in µ leads to a larger number of long lasting arches.

As discussed above, repulsion between the added par-
ticles leads to a smaller participation of these added par-
ticles in the arches. Therefore, part of their contribution
to make arches less stables is lost. To validate this hy-
pothesis we plot in Fig. 5(b) the number of small par-
ticles involved in long lasting arches. As expected, the
addition of a magnetic repulsion leads to a decrease in
the number of small particles in the arches. Naturally,
this effect is expected to occur for all arches and not
only for long lasting ones. Here, it is important to recall
that more long lasting arches (and fewer added particles
in these arches) does not always lead to a reduction of

Q̃. The portion of time devoted to evacuate the added
particles is also an important factor and this time de-
creases if fewer added particles reach the outlet due to
the magnetic repulsion. Fro this reason, if r > 0.6 the
flow rate of the original species is enhanced by the re-
pulsive interaction of the added grains. However, only
for 0.6 < r < 0.7 this small improvement in Q̃ is in fact
above Qp.

4 Conclusions

In the search for strategies to improve the granular flow
when emptying a silo though a small aperture, some
ideas appear very intuitive based on the knowledge we
have about the behavior of different simple (one single
species) granular system. In particular, repulsive mag-
netic particles have shown a very low clogging probabil-
ity. Hence, it seems natural to expect that adding some
magnetic particles to a nonmagnetic granular system will
reduce clogging and improve the effective flow of the orig-
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Fig. 5 (a) Number of long lasting arches (τ > 5 s) that block
the aperture per minute as a function of µ for different values
of r at χ = 0.4. (b) Number Na of small added particles per
arch in long lasting arches (τ > 5 s) as a function of µ for
different values of r at χ = 0.4. The error bars correspond to
the standard deviation over 50 realizations.

inal particles. In the present work, we studied the ef-
fect of a repulsive interaction between the particles of an
added species on the flow of the original species. Since we
have previously shown that the size of the added parti-
cles plays an important role [41], we have tested different
particle sizes.

We have found that the addition of the repulsive in-
teraction leads to a lower number of added grains in the
region of the orifice. As a result, in general, any effect
caused by the size of the added particles (either improv-
ing or reducing the effective flow of the original grains)
is partially suppressed by the repulsive interaction. For
the system studied, only in a narrow region of added
particle sizes (0.6 < r < 0.7) we observe that the small
enhancement of the effective flow is further improved by
the magnetic repulsion.
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